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Noncommutative geometry 
 

§  Why is NCG not highly developed by physicists? 

•  Compact manifold instead of  globally hyperbolic 

•  Riemannian instead of  Lorentzian 

•  This is not a quantum field theory 

§  Quantization starts from a commutative algebra 
(normal products, functionals) 

§  The tensor product of  algebras is natural 

§  How to quantize the tensor product and recover 

standard QFT? 

§  We need a cocommutative Hopf  algebra 



outline 

§  Construction of  a quantum field theory 

•  Classical field theory (Lagrangian) 

•  Many-body algebra (product of  Lagrangians) 

•  Quantization 

•  Renormalization 

§  Algebraic functional approach 

§  Borcherds’ approach: Hopf  algebra bundle 

§  How to extend this to the noncommutative case? 



Functional approach 
 

§  Algebraic functional framework (R. Brunetti, M. 

Dütsch, K. Fredenhagen, K. Rejzner) 

§  Configuration space:                          space of  smooth 

sections of  a vector bundle 

§  Functionals                   , action, observables, etc. 

§  Deformation quantization (wavefront set argument) 

§  Renormalization by causality (Stueckelberg, 
Bogoliubov, Epstein, Glaser, Stora, etc.) 

E
⇡! M

C1(E ,R)

E = �(M,E)



 Borcherds’ approach 
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Renormalization and quantum field theory
Richard E. Borcherds

The aim of this paper is to describe how to use regularization and renormaliza-
tion to construct a perturbative quantum field theory from a Lagrangian. We
first define renormalizations and Feynman measures, and show that although
there need not exist a canonical Feynman measure, there is a canonical orbit
of Feynman measures under renormalization. We then construct a perturbative
quantum field theory from a Lagrangian and a Feynman measure, and show that
it satisfies perturbative analogues of the Wightman axioms, extended to allow
time-ordered composite operators over curved spacetimes.

1. Introduction

We give an overview of the construction of a perturbative quantum field theory
from a Lagrangian. We start by translating some terms in physics into mathematical
terminology.

Definition 1. Spacetime is a smooth finite-dimensional metrizable manifold M ,
together with a “causality” relation ⇤ that is closed, reflexive, and transitive. We
say that two points are spacelike separated if they are not comparable; in other
words, if neither x ⇤ y nor y ⇤ x .

The causality relation a ⇤ b means informally that a occurs before b. The
causality relation will often be constructed in the usual way from a Lorentz metric
with a time orientation, but since we do not use the Lorentz metric for anything else
we do not bother to give M one. The Lorentz metric will later appear implicitly in
the choice of a cut propagator, which is often constructed using a metric.

Definition 2. The sheaf of classical fields � is the sheaf of smooth sections of
some finite-dimensional super vector bundle over spacetime.

This research was supported by a Miller professorship and an NSF grant. I thank the referees for
suggesting many improvements.
MSC2000: 22E70.
Keywords: quantum field theory, renormalization, Feynman measure, Hopf algebra, Feynman

diagram.

627



Borcherds’ approach 

§  Not a bad mathematician (Fields medal 1998) 

§  Has been working 10 years on QFT 

§  Original point of  view 

§  Not easy to read (no context) 

§  Contains some mistakes 

§  Gives the same results as standard QFT 

§  Hopf  algebraic and geometric interpretation of  QFT 

§  Fruitful generalizations 

Renormalization and quantum field theory 629

Definition 6. A (nonlocal) action is a polynomial in local actions, in other words
an element of the symmetric algebra S⌦⌥S J� of the real vector space ⌦⌥S J�
of local actions.

We do not complete the symmetric algebra, so expressions such as ei⇤L are not
in general nonlocal actions, unless we work over some base ring in which ⇤ is
nilpotent.

We will use ⇤ for complex conjugation and for the antipode of a Hopf algebra
and for the adjoint of an operator and for the anti-involution of a ⇤-algebra. The
use of the same symbol for all of these is deliberate and indicates that they are all
really special cases of a universal “adjoint” or “antipode” operation that acts on
everything: whenever two of these operations are defined on something they are
equal, so can all be denoted by the same symbol.

The quantum field theories we construct depend on the choice of a cut propagator
↵ that is essentially the same as the 2-point Wightman distribution

↵( 1, 2) =
 

x,y
�0| 1(x) 2(y)|0�dxdy

Definition 7. A propagator ↵ is a continuous bilinear map ⌦c⌥�⇥⌦c⌥�⌃ �.

• ↵ is called local if ↵( f, g) =↵(g, f ) whenever the supports of f and g are
spacelike separated.

• ↵ is called Feynman if it is symmetric: ↵( f, g) =↵(g, f ).

• ↵ is called Hermitian if ↵⇤ = ↵, where ↵⇤ is defined by ↵⇤( f ⇤, g⇤) =
↵(g, f )⇤ (with a change in order of f and g).

• ↵ is called positive if ↵( f ⇤, f ) ⌅ 0 for all f .

• ↵ is called cut if it satisfies the following “positive energy” condition: at each
point x of M there is a partial order on the cotangent space defined by a proper
closed convex cone Cx , such that if (p, q) is in the wave front set of ↵ at some
point (x, y)  M2 then p ⇤ 0 and q ⌅ 0. Also, as a distribution, ↵ can be
written in local coordinates as a boundary value of something in the algebra
generated by smooth functions and powers and logarithms of polynomials (the
boundary values taken so that the wave front sets lie in the regions specified
above). Moreover if x = y then p + q = 0.

A propagator can also be thought of as a complex distribution on M⇥M taking
values in the dual of the external tensor product J� � J�. In particular it has
a wave front set (see [Hörmander 1990]) at each point of M2, which is a cone
in the imaginary cotangent space of that point. If A and B are in ⌦c�, then
↵(A, B) is defined to be a compactly supported distribution on M ⇥ M , defined
by ↵(A, B)( f, g) =↵(A f, B f ) for f and g in ⌦⌥.



QFT building 

§  Classical field theory (Lagrangians) 

§  Many-body algebra 

§  Quantization 

§  Renormalization 



Borcherds' approach 
 

§  Vector bundle 

§  Configuration space                 (classical fields) 

§  Derivative of  fields are sections                    of  the jet 

bundle 

§  Lagrangians are sections                           of  the Hopf  

algebra bundle 

 

E
⇡! M

�(M,E)

�(M,JE)

J1E
⇡! M

�
�
M, S(JE⇤)

�

S(J1E⇤)
⇡! M



The lagrangian 
 

§  Functional approach : the action is a local functional 

         

 

 

§  Borcherds’ approach : the Lagrangian density is a 
polynomial in the field and its derivatives 

 

§  Correspondence: 
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Almost commutative geometry 

§  Configuration space 

        where                            is an algebra bundle (Boeijink  

        and Suijlekom) 

 

 

 

§                        is an algebra over  

§  Any algebra is an algebra over its center 

§  Standard model: The finite algebra        is a 

cocommutative Hopf  algebra 

C1(M,AF ) ⇠= �(M,E)

E ⇠= M ⇥AF

AF

C1(M,AF ) C1(M)



Our approach 

 

§  The noncommutative Lagrangian will belong to the 

space                   of  sections of  the cocommutative 

Hopf  algebra bundle                  

§  Locally 

§  For Borcherds        is the commutative and 

cocommutative Hopf  algebra 

§  The space                   of  Lagrangians is a 

cocommutative Hopf  algebra over  C1(M)

�(M,EH)

EH
⇡! M

�(M,EH)

S(JE⇤)

EH |U = U ⇥H

EH



QFT building 

§  Classical field theory 

§  Many-body algebra (product of  Lagrangians) 

§  Quantization 

§  Renormalization 



The S-matrix 
 

§  The scattering matrix 

         

 

 

§  The Lagrangian is  

§  Borcherds’ many body algebra: 

•                        with  

•  Example 

•  Very close to the physical normal product space 

S = T (e
i
~ I('))

S =
1X

n=0

i

n

~n

Z

M

n

T

�
L(x1) . . . L(xn

)
�
dµ

x1 . . . dµxn

L 2 �(M,EH)

H = SR(V ) V = �
�
M, S(JE⇤)

�

'

2(x)@µ'(y)



Fock algebra 
 

§  Problems: 

•                        with                                       is too large 

•                        has no geometric meaning: it is not the space of  

sections of  a vector bundle because in dimension              a 
symmetrized          is not a topological manifold 

§   Our approach :  

•  Work with                                       (external tensor product) 

•  This a Hopf  algebra over  

•  This is quantum field theory where the normal product is the 

tensor product : can we recover standard QFT? 

•  Quantization is the deformation of  a noncommutative product 

V = �
�
M, S(JE⇤)

�
H = SR(V )

H = SR(V )

d > 2
Mn

C1(Mn)

Hn = �(Mn, E⇥n
H )



Fock algebra 
 

§  Problem 

•  For each    ,                                      is a Hopf  algebra over a 

different ring 

§   Solution: inductive limit 

•  For               we define the  map                                            

by 

•  Let                  and                , we say that                  if  and 

only if  

•  Then                         is a unital ring  

•  Every             has a representative       in some         and then 

the representative                   in        for all  

•  This allows for the definition of  the product in  

n

n � m

�nm(x1, . . . , xn) = (x1, . . . , xm)

R = lim
�!

Rn

f 2 R fm Rm

Rn n � m

R

fn 2 Rnfm 2 Rm fm ⌘ fn
fn = fm � �nm

fm � �nm

Rn = C1(Mn)

�nm : Mn ! Mm

Hn = �(Mn, E⇥n
H )



Fock algebra 

�53

(�⇤
53f)(x1, x2, x3, x4, x5) = f(x1, x2, x3)

C1(M3)C1(M5)
�⇤
53

�5,3(x1, x2, x3, x4, x5) = (x1, x2, x3)�5,3 : M5 ! M3



Fock algebra 
 

§  The inductive limit                                    is a Hopf  

algebra over      (Bourbaki Algebra I) 

§  The projective limit                         is an infinite 

dimensional manifold modelled on                  (Fréchet, 

nuclear locally convex space) 

§  The geometric interpretation is preserved because     
is the space of  sections of  a Hopf  bundle on the 

infinite dimensional manifold  

§  This is a many-body algebra: the Hopfock algebra 

R

H

M = lim
 �

Mn

lim
 �

(Rd)n

M

H = lim
�!

�(Mn, E⇥n
H )



Democratic inductive limit 
 

§  The inductive limit uses the elitist maps 

§  This choice is arbitrary. Why using the first variables 

instead of  the last or any subset ? 

§  We could use a more democratic inductive limit, 

indexed by subsets of   

§  For          , where                            and                            
we define                                                      

§  This uncountable inductive limit is the same as before 

�nm(x1, . . . , xn) = (x1, . . . , xm)

J � I

�JI(xj1 , . . . , xjn) = (xi1 , . . . , xim)

J = {j1, . . . , jn} I = {i1, . . . , im}

N



QFT building 

§  Classical field theory  

§  Many-body algebra 

§  Quantization (algebra deformation) 

§  Renormalization 



quantization 
 

§  Wick theorem for                        (Feynman diagrams) 

§  Explicit expression 

§  The Wightman propagator 

§  Functional approach (star product) 

 

 

D+(x, y) = h0|'(x) ? '(y)|0i

(F ?G)(') = e
R
dxdyD+(x,y) �

2

�'(x)� (y)F (')G( )|
 ='

'

2(x) ? '2(y)

'

2(x) ? '2(y) = :'2(x)'2(y): + 4D+(x, y) :'(x)'(y): + 2D2
+(x, y)



Deformation quantization 
 

§  Explicit expression 

§  Quantum group approach (Drinfeld, 1986) 

                        where  

§  Laplace pairing: 

§   The Hopf  algebra is here the Hopfock algebra 

A ?B =
X

(A(1)|B(1))A(2)B(2)

�
'(x)

��
'(y)

�
= D+(x, y)

(AB|C) =
X

(A|C(1))(B|C(2))

'

2(x) ? '2(y) = :'2(x)'2(y): + 4D+(x, y) :'(x)'(y): + 2D2
+(x, y)

�A =
X

A(1) ⌦A(2)



quantization 

 

§  Quantization is carried out by using the Wightman 

propagator                 , which is not a smooth function 

§  More precisely 

§  Structure theorems for 

§   We quantize the space of  distributional sections 

D+(x, y)

D+ 2 D0(M2, E⇥2)

D0(M2, E⇥2) =
⇣
�c(M

2, (E⇤)⇥2)
⌘0

D0(M2, E⇥2) ⇠= D0(M2)⌦C1(M2) �(M
2, E⇥2)

D0(M2, E⇥2) ⇠= LC1(M2)

�
�(M2, (E⇤)⇥2),D0(M2)

�

Mn = D0(Mn, E⇥n
H ) =

⇣
�c(M

n, (E⇤
H)⇥n)

⌘0



quantization 

 

§  As a space of  distributions,         cannot be a Hopf  

algebra 

§  But        is a Hopf  module over  

 

§   The space of  coinvariants of         is               , which 

is a partial algebra (Hörmander’s condition) 

§  The Laplace pairing becomes a map 

Mn

Mn

Mn

(AB|C) =
X

(A|C(1))(B|C(2))

D0(Mn)

Mn
⇠= D0(Mn)⌦C1(Mn) Hn

(·|·) : Hn ⌦Rn Hn ! D0
�(M

n) Rn = C1(Mn)

Hn = �(Mn, E⇥n
H )



The wavefront set 

 

 

 

 

 

 

 

 

    

 

       

 

   

 

    Wightman propagator                  Feynman propagator 



quantization 

 

§  We are now ready to define a star product on a 

modified                                        , where     is now an 

open cone 

§  We denote the coaction                                            by 
the Sweedler’s notation 

§  The star product on        is 

§  This product is associative 

§  Extension to  

Mn

Mn
⇠= D0

�(M
n)⌦Rn Hn �

A ?B =
X

A0B0(A00|B00)

� : Mn ! Mn ⌦Rn Hn

�(A) =
X

A0 ⌦Rn A00

M = lim
�!

Mn



QFT building 

§  Classical field theory 

§  Many-body algebra 

§  Quantization 

§  Renormalization (time-ordered product) 



Time-ordered product 

 

§  According to the Stueckelberg-Bogoliubov-Epstein-

Glaser-Stora-Brunetti-Fredenhagen approach, the 

time ordered-product is almost entirely a consequence 

of  causality. 

§  For any                               which does not belong to 

the small diagonal                                                         

there is                          such that      is not in the past 

causal cone of        if            and 

§  Causality equation: over  

(x1, . . . , xn) 2 M

n

Dn = {(x1, . . . , xn);x1 = · · · = xn}
I ⇢ {1, . . . , n} xi

xj i 2 I j /2 I

T (�1 ⌦ · · ·⌦ �n) = �⇤
I

⇣
T
�O

i2I

�i

�⌘
? �⇤

Ic

⇣
T
� O
j2Ic

�j

�⌘CI



causality 

�{1,2,4}
�{3,5}

x3 � x1, x3 � x2, x3 � x4

x5 � x1, x5 � x2, x5 � x4

T (�1 ⌦ · · ·⌦ �5) =
⇣
�⇤
{3,5} � T (�3 ⌦ �5)

⌘
?
⇣
�⇤
{1,2,5} � T (�1 ⌦ �2 ⌦ �4)

⌘

(x1, x2, x3, x4, x5) 2 M

5

C{3,5}



Time-ordered product 

 

§  The time-ordered product                           is a 
comodule morphism 

§  This is equivalent to the Wick expansion 

§  This recursively defines the time-ordered product up 
to the thin diagonal.  

§  The distributions          are then extended to the thin 
diagonal (overall renormalization) 

T : Hn ! Mn

� � T = (T ⌦ Id)�

T ('k1⌦ . . .⌦'kn) =
X

i1,...,in

✓
k1
i1

◆
. . .

✓
kn
in

◆
h0|T ('i1⌦ . . .⌦'in)|0i'k1�i1⌦ . . .⌦'kn�in

T (A) =
X

t(A(1))A(2) t(A) = "
�
T (A)

�

t(A)



renormalization 

 

§  Renormalization ambiguity 

§  There is a large renormalization group 

§  The RG is the same as in the functional approach, 
except that we do not require symmetry 

§  For the special case of                           , we recover 
exactly the results of  standard renormalized 

perturbative QFT 

T 0(A) =
X

e⇤�(A(1))T (A(2))

EH = S(JE⇤)



Almost commutative geometry 
 

§  The space                                              does not contain 

the Lagrangian 

§  Spectral action 

§  Naive quantization is not possible (as usually) 

C1(M,AF ) ⇠= �(M,E)

I(A) = Tr g
⇣D2

A

⇤2

⌘



Conclusion 

§  Second quantization and renormalization of  a 

cocommutative Hopf  algebra bundle 

§  Standard QFT is recovered 

§  Noncommutative version of  BRST and BV 

§  BRST for noncommutative geometry (see Roberta Iseppi 

and Walter van Suijlekom) 

§  Causality beyond space-time (Fabien Besnard) 



Hopf quantization 

 

§  Hopf  algebra  

§  Laplace pairing (coquasitriangular structure) well defined 

         

§  Wick’s theorem 

"

�
(@↵

'(x))n
�
= �n,01(x)

('m(x)|'n(y)) = �n,mn!Dn
+(x, y)

'

m(x) ? 'n(y) =
mX

k=0

✓
m

k

◆✓
n

k

◆
k!Dk

+(x, y)'
m�k(x)'n�k(y)

�'

m(x)'n(y) =
mX

i=0

nX

j=0

✓
m

i

◆✓
n

j

◆
'

i(x)'j(y)⌦ '

m�i(x)'n�j(y)


