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The Maxwell equations are formulated in a physically based mathematics. Within the new formalism, an extension to electromagnetism is proposed, leading to some new terms, new solutions and
to four further linear coupled differential equations. The new solutions include uncharged massless
propagating states identified with the photon and necessarily charged essentially fermionic states
identified with the electron and positron.

I.

INTRODUCTION

The main aim of this paper is to answer the question:
what is the electron? For a simple elementary particle
it has some quite remarkable experimental properties.
Even such a simple question as “how big is it?” is hard
to answer theoretically or experimentally. Theoretically,
it is possible to place a lower limit on its extent based on
the integrated mass of its electric field, the so-called classical electron radius. This limit is a few femto-metres.
The author has first-hand experience in (one of many)
experiments which confirm it to be much larger than
this with a size in the solid state which can extend to
hundreds of nano-metres.1 On the other hand, the author has equally first-hand experience in (one of many)
experiments where leptons are observed to be point-like
down to sub atto-metre dimensions.2 The electron seems
extraordinarily flexible: how does it do this? Further, it
has a wave-particle character, is a fermion and obeys an
exclusion principle. Perhaps most curious of all: it has
charge, yet no more elementary charged fluid has been
identified which may constitute it. How does it scale so
dramatically in size? How does quantum spin work? If
there is no more elementary charged fluid than an electron, then what can give rise to charge? If it is simply
elementary how does it exhibit such complex behaviour?
What is it?
Consider the experimental properties of electronpositron pair creation and annihilation. This process,
in which charged particles are transformed to photons
and vice-versa, suggests the electron and photon should
share an underlying nature. Many authors have tried to
develop appropriate models. A set of references to prior
work, as well as a proposed toroidal model of the electron
may be found in a paper by Waite.3 The author and Dr.
van der Mark have developed a semi-classical model of
the electron4 , as have others.5–8
In earlier work, we were able to show that, if the physical photon were folded into a topologically non-trivial
re-circulating configuration of a single wavelength, that
the resulting object would acquire a charge close to the
elementary charge. Further the resulting object would,
given integer spin for the photon, necessarily have a resulting half-integral spin. In addition we were able to
derive a physical basis for the anomalous magnetic moment of the electron, based on the concept of a ”rotation
horizon” for the resultant field distribution.4 The main

deficiencies of the earlier model were that no confinement mechanism was proposed for the constituent photon and that no underlying theory was available to describe the internal dynamics of the field. The model was
semi-classical. The present paper aims to rectify these
deficiencies.
Here the possibility is explored that a new scalar field
may be responsible for the non-trivial re-configuration
of the photon field such that a pair of equal and opposite charges emerge in the process of electron-positron
pair creation. Though not itself spin or charge, the new
scalar field leads to the possibility of rapid rotations of
the electromagnetic momentum density, leading to the
self-confinement of electromagnetism without a central
force term. The physical scalar field to be associated
with this in this paper, because of its properties in turning the propagation direction of the electromagnetic field,
will be called the pivot field and written P αP . It proves,
necessarily, to be a rest-mass component of the electron.
It will transpire that the new field is an integral part of
the dynamics of an elementary particle, strongly confined
within it, and transmitted to the site of other elementary
particles only by photon exchange. The present approach
introduces three new elements over and above the conventional Maxwell electromagnetism: the introduction of
the pivot field leading to the self-confinement of electromagnetism, a new mathematical framework leading to
four extra coupled differential equations, and the adoption of an extension of the principle of relativity called
here ”absolute relativity” leading to kind of a quantisation of the allowed solutions of the continuous, linear
differential equations.

II.

TOWARDS THE MATHEMATICS OF
REALITY

The algebra is related to certain Dirac and Clifford algebras, but differs in that it introduces at least one extra,
distinct scalar unit element. The unit Lorentz scalar in
the algebra, αP , corresponds to a unit point, as opposed
to a unit line or unit plane as described below. To represent a physical object, real numbers are used to represent
a quantity or extent and an α factor to represent a proper
unit element transforming in the correct way relativistically. A convention is adopted where Greek indices run
from 0 to 3 and Roman from 1 to 3. Four unit basis
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vectors in time and three spatial directions respectively
are written as α0 ,α1 ,α2 and α3 . The unit time element
α0 is defined to square to the positive invariant scalar
unity α02 = +αP and the other three to negative scalar
unity α12 = α22 = α32 = αi2 = −αP . These are required
to transform as a four-vector, a general case of which is
written v = a0 α0 + a1 α1 + a2 α2 + a3 α3 = v0 + ~v where
the aµ are (positive definite) real number magnitudes.
The over-arrow denotes a three-component object, here
just the spatial part of the 4-vector. The square is then
αP (α02 − α12 − α22 − α32 ) = αP (α02 − αi2 ) = Pµ2 αP . For
the case that the aµ are magnitudes in metres of the
4-position vector, for example, the product is the invariant interval squared. In this example the units of P are
clearly metres and, self-evidently, the proper unit element
αP must be taken to be invariant under a general Lorentz
transformation as stated above. The frame and position
independent unit element αP is taken to be idempotent
2
αP
= +αP . It therefore acts under multiplication as does
the real number 1. The operation of ”addition” is not defined here for any of the unit elements, but is ascribed to
the real number pre-factors representing an extent or a
magnitude. The algebra to be developed is related to the
Clifford algebra Cl(1,3) but extends it slightly in this respect. It is also related to Dirac algebras. Loosening the
restrictions on addition and adopting a complex, rather
than a real pre-factor would extend to the algebra to encompass Dirac algebras. Strictly, one should use only he
positive reals to denote an amount or extent, and distinguish the different kinds of sign as well. In practice one is
used to making this distinction and doing so would only
increase the pedantry of the equations to be presented
below.
The ordered product or quotient of one spatial unit element with another, for example α1 α2 leads to a unit
right-handed ordered spatial plane (bivector) element.
This spatial plane is denoted α1 α2 = α12 . The reverse ordering gives a plane in the opposite (left-handed)
direction, that is α12 = −α21 . There are three such
right-handed objects: α12 , α23 , α31 . Products such as
α1 α0 = α10 represent planes in space-time. These six
(bivector) elements inherit the transformation properties of fields.9 The former transform as the magnetic and
the latter as the electric field. Further, there are 4 trivectors (α123 ,α012 , α023 , α031 ). The latter three transform as as an angular momentum density. Finally, there
is a quadrivector (α0123 ) which is again invariant under
a general Lorentz transformation but squares to negative
2
= −αP . The subset (aP αP , aQ α0123 ),
scalar unity α0123
with aP and aQ real is isomorphic to complex numbers.
In the following, the proper form of quantities in one
of these directions will be represented by a token with
ordered lettering, thus αµν represents a bivector (a unit
plane) and α0ij ,αij and αi0 are right-handed trivectors,
space-space bi-vectors and space-time bi-vectors respectively.
Until now, the above has been merely the description of
a mathematical framework inheriting some more or less

desirable properties. Now physics is introduced. An additional constraint, called here the principle of absolute
relativity, is imposed that quantities representing space
and time must appear with their proper form: that is
a spatial interval must be written αi ∆xi and a temporal element α0 ∆x0 . This may appear at first sight quite
uncontroversial, but this principle will be imposed at all
levels including in differentials and the phase-factors of
exponentials. This will ensure that elements derived from
any expansion or development transform correctly with
respect to one another under general Lorentz transformations. The rigorous application of this principle proves
to lead to severe constraints on the form of solutions. In
particular, it will be shown that propagating solutions
necessarily possess a kind of physical quantisation. Just
as was the case in the original development of the deBroglie harmony of phases which led to the proposal of
the de Broglie relation λ = h/p at the heart of the subsequent development of quantum mechanics, it is is a
proper consideration of the principle of relativity that
leads to this.13,14 In this approach there are two distinct
phases, transforming differently under a Lorentz transformation, but remaining in phase with each other for all
space and all time in each Lorentz frame. The fact that
there are two phases mean that the standard Lagrangian
techniques of field theory are not adequate here and one
must resort to the older technique of guessing the correct
equations of motion directly. The quantisation of the solutions to be presented turns out to be a physical one
arising from the limitations of the speed of light, rather
than a mathematical one put in a-priori.
For Cartesian co-ordinates a 4-vector 4-differential is
written:
d =

∂
= ∂µ /αµ
αµ ∂xµ

~ (1)
= α0 ∂0 − α1 ∂1 − α2 ∂2 − α3 ∂3 = α0 ∂0 − αi ∇
Note the change of sign of the space components due
to the implicit quotient of the unit vectors squaring to
negative unity. This encompasses and extends the concepts of co- and contra-variance as will become clear. A
4-vector potential is written :
~ (2)
A = α0 A0 + α1 A1 + α2 A2 + α3 A3 = α0 A0 + αi A
and taking the 4-derivative yields 16 (= 1+3+3·2+3·2)
terms. In this formalism the first four are scalar. In the
conventional development of electromagnetism these correspond the gauge, though here the position will prove
more complicated as there are other components (such as
the 4-trivector) which may also play a role and impose
further ”gauge” conditions. The next six (three pairs
of two) are space-time bi-vectors. These are the conventional components of the electric field. The remaining six
are space-space bi-vectors. These are a magnetic field.
Writing these terms out in full it is immediately apparent that the patterns correspond precisely to those in the
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3-space notation of div, grad and curl. Explicitly:
~ · A)
~ − αi0 (∂0 A
~ + ∇A
~ 0)
dA = αP (∂0 A0 + ∇
~ ×A
~ =P +F
− αij ∇

(3)

which is the sum of a scalar (pivot) part P and a bivector
(field) part F .
~ is not itself a vector operator, just
Note that, here, ∇
a part of one. It is a shorthand way of writing the three
~ ×A
~ results in the
spatial partial derivatives such that ∇
usual six terms of the 3-vector product. It is used here
only to make explicit the connection with the forms familiar to many from elementary textbooks. The proper
4-vector operator is given by equation (1). While this
central part of equation (3) is expressed in the short
form in 3-space notation, it is the left-hand side, dA, that
is both the short form in 4-space notation and incorporates the proper form of the 4-vector potential and the
vector differential operator defined above, expressing the
principle of absolute relativity. The advantage of using
the new formalism, over the standard approach, becomes
apparent on extending the equations to more complex
forms. For example, taking the four-derivative properly
once again, d(dA) proves to express all four free-space
Maxwell equations at once. This is in contrast to the
conventional approach, where only two of these are derived in a single step.15 The other two must be obtained
using either a dual field representing the same physical
field, or by introducing an antisymmetric tensor.
In Eq. (3) the term in αi0 is usually identified15 with
~ = −∂0 A
~ − ∇A
~ 0 and that in αij with
the electric field E
~
~
~ This is not necessarthe magnetic field B = ∇ × A.
ily the whole story here as field elements may arise from
4-differentials of a 4-trivector potential T as well as discussed below, but let us assume that, for the simplest
solutions, this contribution may not be required. In any
event, the field may be written in terms of the con~ −B
~ or
ventional electric and magnetic field as F = E
Fµν αµν = Ei αi0 − Bi αjk . Note that setting the Lorenz
gauge corresponds here to setting the pivot part P to
zero. Forming the 4-differential of the field part alone
and equating this to zero, d(dA) = dF = 0 yields 24
terms. Because this is a 4-differential of an even set of
terms (the electromagnetic field) these 24 terms appear
in the odd elements of the algebra: 3 in α0 , 3 in α123 , 9
in αi and 9 in α0ij . The first set corresponds precisely
to Gauss’s law, the second to Gauss’s law for magnetism,
the third to Ampere’s law with Maxwell’s addition and
the fourth to Faraday’s law.
Expressing the terms from the 4-derivative in the more
familiar notation these are explicitly:
~ ·E
~ = α0 0
α0 ∇
~ ·B
~ = α123 0
α123 ∇


~ ×B
~ − ∂0 E
~ = αi 0
αi ∇

(6)

~ ×E
~ + ∂0 B)
~ = α0ij 0
α0ij (∇

(7)

(4)
(5)

Which are evidently the Maxwell equations in free-space.
Though this approach is perhaps compact and elegant,
so far it represents but little practical progress over the
situation at the end of the nineteenth century. There is
now, however, an opportunity to make further progress.
The general case is now considered. To encompass the
more general form of the Maxwell equations dF = J
including a charge and current density a distinction is
drawn between two types of quantity. The first is a dynamical quantity, governed by the equations to be derived. For these, the operation of the 4-vector derivative, equation (1), whatever underlying physical process
that may represent, will transform the quantities operated upon either down a grade (indices equal), or up a
grade (indices differ), as in the Maxwell equations above.
The second is an eventual set of quantities which may
be static, put in by hand, or arising from some external
process such as an interaction or a constitutive process,
which are not transformed in such a way and are therefore
effectively constant with respect to the 4-vector differential. This is, for example, the way in which charge and
current are added in the simplest generalisation of the
Maxwell equations.
Over each of the sixteen multivector-quantities defined
above, a general dynamical multi-vector field G is defined over a scalar term P , a vector potential A a field
term F (= E − B) a trivector potential term T and an
eventual quadrivector potential Q is defined such that:
G = P αP + A0 α0 + Ai αi + Ei αi0 − Bi αjk + Tk α0ij +
T0 α123 +Qα0123 . In an obvious notation, the static terms
are defined as C = CP αP + C0 α0 + Ci αi + Ci0 αi0 −
Cjk αjk + C0ij α0ij + C123 α123 + CQ α0123 .
Writing, by analogy with the form of the Maxwell
equation dF = J, dG = C, and again using the conventional 3-space patterns for reference, one obtains a
generalisation as:
~ ·E
~ + ∂0 P ) = C0 α0
α0 (∇
~ ·B
~ + ∂0 Q) = C123 α123
α123 (∇


~ ×B
~ − ∂0 E
~ − ∇P
~
αi ∇
= Ci αi
~ ×E
~ + ∂0 B
~ + ∇Q)
~
α0ij (∇
= C0ij α0ij
~ ·A
~ + ∂0 A0 ) = CP αP
αP (∇
~ · T~ + ∂0 T0 ) = CQ α0123
α0123 (∇


~ + ∇A
~ 0+∇
~ × T~ = Ci0 αi0
αi0 ∂0 A


~ 0−∇
~ ×A
~ = Cjk αjk
αjk ∂0 T~ + ∇T

(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)

The first four equations are a generalisation of the
Maxwell equations, the second four are new. Clearly,
taking the first four equations alone and setting all constants on the right hand side to zero one obtains the
free-space Maxwell equations. Note that, with CP = 0,
equation (12) is just the Lorenz gauge condition.
In the conventional development of Maxwell electromagnetism the charge and current are inserted by hand
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as factors on the right hand side of the first four equations
above. Inserting the 4-vector charge and current density
on the right such that C0 α0 = J0 α0 and Ci αi = Ji αi and
setting P and Q to zero, one recovers the inhomogeneous
Maxwell equations from the first set of four. Note that
the next equation (12) remains a gauge equation, but
must be adjusted to account for charge in the usual way.
The resulting set of equations posits a charge and current
density, yet no simpler charged fluid has been observed
which may constitute the electron. This approach will
not be followed here as the main aim is to derive the nature of charge, rather than insert it by hand. Note that
if one chooses to set the angular momentum density T
to zero equation (14) is the standard equation deriving
the electric field from the 4-vector potential and equation (15) is the equation for the magnetic field.
Angular momentum and its quantisation are gaping
holes in our understanding of electromagnetism. In the
past it has been argued that the product of electric field
~A
~ may constitute an angular moand vector potential E
mentum density, though it has also been argued that an
additional “vector” potential may be required.21 While
the simple product does have the same (trivector) form as
an angular momentum, it is felt that the dynamical form
T is a better candidate. This line of investigation is, however, beyond the scope of this short paper. Here we will
look merely at the origin of quantisation and the nature
of charge, and leave a discussion of the detailed properties of quantum spin to future work. By inspection, the
new quantities P and Q have the physical dimensions of
the magnetic and electric field respectively, though not
their (bi-) vector form.
Note again that equation (13), takes the form of a
gauge condition. Indeed, since they vanish in the differential, constant terms may be added freely to the right
hand side of the second set of equations without affecting
the first set of equations (and vice-versa), giving the freedom to choose four such gauges. Note also that, should
the second set of four equations prove physical, that fields
could arise equally from transformations of both the 4vector and the 4-trivector potential. It is tempting to
speculate that the balance between the two may be related to the polarisation and the the transfer of angular
momentum, but this line of development is left to future
work.
Here, solutions will be considered to only two equations: the free-space Maxwell equations dF = 0 and the
minimal extension including a pivot term dF = P , corresponding to the inclusion of dynamical rest mass term
and no charge a-priori. The former leads to photon-like
solutions and the latter to electron-like solutions, as is
now explored.
Before turning to the electron, charge and half-integral
spin, a proper, holomorphic description of the integral
spin photon itself is required. This should be a solution
to the usual free-space Maxwell equations alone, that is
the first four equations above with all constants and the
pivot P and quadrivector Q zero. The new formalism

outlined above, taken together with the new principle of
absolute relativity lead to new forms of solutions outlined
below. The aim here is not to present all the properties of
the new solution, that will be explored more thoroughly
in a companion paper, but to present enough that the
space of the solutions and of the proper electron and
positron forms may be understood. Usually, in elementary applications, one writes the (complex) exponent of
a wave-function as a simple scalar phase factor with a
normalisation, for example as
Ψ = Aei(θ) = Aei(kx−wt)

(16)

In writing this form, it is presumed implicitly that one
may define a precise position and time in some particular
frame for each element of the wave-function with an appropriate wave-number and frequency such that the argument is everywhere well-defined. Such forms raise certain
questions even in the non-relativistic case, but more especially for light-speed objects such as the photon. Which
frame? Where and when are the fields precisely? Experimentally for photons, only the energy E = ~ω is defined.
It is the product of the energy and time and momentum
and space which are subject to the uncertainty relation.
Also: in which complex space is the phase rotation in the
argument occurring? It would seem difficult to imagine
how such a simple form could ever adequately describe
the wave-function of a single photon.
The present formalism, because it matches better the
underlying transformations in relativitistic space-time,
offers the opportunity to rectify some of these deficiencies. A form is sought, consistent with the principle of
absolute relativity, where space and time appear with
their proper relative form in the exponent. It turns out
that the price one must pay for this extension is that
for a propagating field only solution, one is forced to introduce a further factor corresponding to a unit angular
momentum about the direction of motion. Given that
that is precisely the kind of solution observed in reality
this is a benefit rather than a cost. Further, it will prove
that such solutions necessarily have a single scalar factor
describing the overall magnitude, the frequency and the
wavenumber. This overall factor may be identified with
the photon energy. In other words, the only allowed solutions are such that the energy is proportional to the
frequency, as is observed.
It is demanded that space must appear with its proper
form in the propagation direction α3 kz and time with its
proper form α0 ωct. Further, for space and time expressed
in the same units (metres here) the rate of change of
phase for space and time must match, that is k = ω.
One searches for forms such as.
Ψ = Aek(α3 z−α0 ct)α?

(17)

Where the α? is some unit element playing a role analogous to the factor of ”i” in equation (16) and the A is
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some factor converting the overall expression to squareroot mass or energy density units as desired. Note that,
with α? missing or equal to the unit scalar αP , this is not
a propagating form because α0 squares to positive unity.
One must find an element in the exponent that transforms the whole expression to a propagating pure field
form. For the case where both the initial field condition
(Ak) and the solution through all space and all time are
pure electromagnetic fields the element required is that
corresponding to a unit angular momentum about the
propagation direction α012 .
For the simple case of a propagating free-space electromagnetic wave, a solution of the electric and magnetic
field distribution of a left circularly polarised electromagnetic wave travelling in the the +z-direction for the free
space case may be written:
ΨL = H0 k(α10 + α31 )ek(α3 z−α0 ct)α012

non-relativistic wave mechanics it is the differential relationships between momentum (~k) and energy (~ω) and
space and time respectively that are at the root of the uncertainty relations and that are used in the introduction
of dynamics and quatisation. Given these provisos Fig. 1
is deceptively simple: properly the electric and magnetic
fields are in different, linearly independent spaces. Further the momentum density vector drawn is not strictly
in space, but in the bivector space of the product of electric and magnetic field. The variable on the propagation
axis is phase, not space. Mapping all this onto the spacetime of an observer requires a non-trivial set of projections. The actual dynamics, described properly by the
full set of equations and the mathematics of the solution,
is far more complex than the simple picture suggests.

(18)

Where the real-number constants c and H0 are the
speed of light and a factor converting to mass or energy units as desired. Expanding this leads to a a purefield configuration with the same field pattern of a leftcircularly polarised electromagnetic field as may be readily shown.9 This is the field configuration shown in Fig. 1.
Though the field expansion appears at first sight , identical for that for a left circularly polarised electromagnetic wave as it appears in elementary textbooks, appearances can be deceptive. The first new feature is that
the exponent is not a simple scalar phase factor, but develops differently in space and time. As time develops
the solution rotates in the 1-2 plane governed in the case
above by the factor −α12 = −α0 α012 . If one could move
in space at a fixed time one would observe a transformation from electric to magnetic field and vice-versa governed by the factor −α0123 = α3 α012 . Because space and
time have been inserted properly, the new wave-function
transforms covariantly. That the pre-factor scales with
the frequency is not put in by hand, but is required by the
field transformation equations. The result is that, under
a Lorentz transformation the rate of change of phase, k
varies. The energy, frequency and wavenumber are all
proportional to this. For this solution, as is observed in
nature, the total energy E = ~ω.
Note carefully that none of the quantities in either the
left hand side of the equation or the diagram are in 4space. They are in the bivector direction of the electric field (3 components), the magnetic field (3 more
components) and the product of these (usually identified with the electromagnetic momentum density, having again three components). The fields are properly
4-derivatives of a 4-vector and are not simply vector but
bi-vector quantities. One may wish to have a description
of the precise spatial and temporal field distribution of
the fields but this is neither implicit in their definition,
nor required. Such a description would, anyway, pertain to one particular Lorentz frame at best. It is worth
bearing in mind that in the far simpler case of ordinary

FIG. 1: Representation of a single wavelength of a circularly
polarised photon. The electric field direction is represented
using green arrowheads, the magnetic field blue and the momentum density red. Though this is suggestive, in the diagram the fields are projected in the conventional way. Properly, the fields should be drawn in different, linearly independent spaces

From the mathematics, at a fixed spatial position, the
fields in the solution rotate about the propagation direction. Anything fixed in space along the axis of propagation, and in particular the photon emitter or absorber,
would see an essentially rotating field distribution about
the interaction axis. In this picture, in the time the field
seen by emitter and absorber really rotate and hence can
carry angular momentum. The concept of a ”rotation
horizon” was used in previous work to lay bare the physical origin of the anomalous magnetic moment of the electron as a localised photon.4 For a given frequency the
limit imposed by the speed of light on rotation about the
photon axis, the rotation horizon, is just rh = cω. Introducing the photon momentum observed in experiment,
p~ = ~ω/c, gives a limit on the allowed angular momentum of the solutions of rh × p~ = ~. This sets the intrinsic
scale of unit angular momentum for all solutions such as
that described by equation (18). Adding more energy
(or looking at the same photon blue-shifted), adds more
field. This “winds up” the photon. Energy, frequency
and wave-number increase proportionately. The rotation
horizon shrinks linearly and the angular momentum remains the same, the increase in energy cancelled by the
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decrease in radius.
If one imagines fixing time and moving in space, however, the development of the new solution is not strictly
a rotation. It differs from the temporal rotation by a
proper factor of the space time plane of propagation
(α30 ), as it is required to do by the principle of absolute
relativity. It is therefore governed by the factor (−)α0123 .
Rotations in the plane of this and the scalar αp transform
electric field to magnetic field and vice-versa. Though
the new mathematics may seem very unfamiliar, the end
result of the above is that the microscopic development
of the fields within the solution reflects more closely the
physical development of the fields as described by the
first-order Maxwell equations themselves, where electric
fields transform to magnetic fields and vice-versa.
Though this new photon-like solution is an important
result in itself, the first of this paper, the main theme
of this short paper is to investigate how the introduction of a dynamical rest-mass term, P αP , may modify
its behaviour to turn the twisting electromagnetic field
of equation (18) into a topologically non trivial configuration with half-integral spin and with quantised charge.
How, in the process of photo-production of charged particle pairs, do the uncharged rest-massles bosonic photons in the initial state fold into the charged, fermionic
electron-positron pairs in the final state? Consider firstly
the simplest possible extension, where all the constant
terms are zero and one introduces only a non-zero dynamical pivot term P αP into the Maxwell equations. In
other words, one considers the equation d(F + P ) = 0.
That is the equation dG = C with no a-priori introduction of charge or current, with all constant terms zero and
with the quadrivector term Q and the tri-vector term T
set to zero. It is not claimed here that this is necessarily the complete new equation governing the existence of
and the full internal motion of the electron, that should
involve more terms in the general equation. It does however introduce one, new, essential feature into the theory of electromagnetism: a term allowing electro-pivotmagnetism to confine itself.
That introducing a non-zero pivot term transforms the
solutions above to self-localised charged half-integral spin
objects may be seen most simply by starting from a
consideration of the energy-momentum density for two
counter-propagating fields. This corresponds to the situation at the point of particle pair creation. Denoting the
7-component field and pivot as F + P and the conjugate
set as F † + P † their product gives:
1
(F + P )(F † + P † ) =
2
1
~2 + B
~ 2 + P 2 ) + αi0 (E
~ ×B
~ + P E)
~
αP (E
2
Mf ield =

(19)

It is immediately apparent that, for the case P = 0,
one obtains the usual expression for the electromagnetic
~2 + B
~ 2 ) and the momentum density
energy density 12 (E
~ ×B
~ as expected. The new fea(the Poynting vector) E

ture for P 6= 0 is the emergence of an extra term in the
rest mass-energy density (P 2 ) and an extra term in the
~
momentum density (P E).
Manifestly from the equation, the effect of the pivot
term on the electric field component is to introduce a momentum component perpendicular to the Poynting vector. This leads to the possibility of the description of
a circulating self-confined electro-pivot-magnetic wave to
be identified with an “elementary” particle. Solutions for
zero pivot have essentially rectilinear propagation. Forcefree motion, d(Mf ield ) = 0, is in straight lines. For the
case where the pivot is non-zero, force free motion follows a curved path with a component in the direction of
the electric field. For a photon encountering pivot in free
space, this would produce a slight “wobble” in its path.
Experimentally, locally, there is virtually no free pivot,
as to be expected as it would be strongly scavenged by
existing material particles. There may, however, be regions of the universe where this has not yet happened,
making free pivot a candidate for “dark matter”. For
the case of particle pair creation it is envisaged that, locally, the pivot becomes sufficiently strong to produce a
full circulation within a single wavelength, this wobble
may become smooth as the twist in the path governed
by Eq. (18) harmonises with the turn in the momentum direction governed by Eq. (19) as discussed below.
To conserve vorticity, such particles must be created in
pairs. Also it turns out that such particles have charge
and half-integral spin, so charge and angular momentum
conservation also requires such objects to be created in
pairs. The relationship between the phases of rotation
and twist will turn out to amount to a slight extension
of the de Broglie principle of the “harmony of phases”
(from which quantum mechanics was derived in the first
place) in that it transpires that there must be a factor of
two between the two phases, as discussed below.
The main deficiencies of earlier work on the electron
as a localised photon4 have now been remedied. A new
linear field theory extending the Maxwell equations to include a Lorentz invariant mass term has been proposed
giving a common theoretical basis for the description of
both light and matter.Within this new theory there is
a candidate mechanism for the confinement of electromagnetism in that, in the theory, the bivector field components F αµν interact with the rest mass density P αP ,
turning the direction of propagation of the electromagnetic field. In the new picture neither the photon nor the
electron are fundamental, but both arise from an underlying continuum.
To describe the resulting field configuration a proper
conformal orthonormal co-ordinate system must be found
to accommodate both the twist of the fields about the
propagation direction described by Eq. (18) and the turn
in the directions of the electric field implied by Eq. (19).
Such a system is toroidal. The wave-function of Eq. (18)
must be modified to account for this. Recently, the forms
appropriate to this have been re-visited10,11 , though the
forms discussed there appear somewhat less general in
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some respects than in work around the turn of the
century.12 As has been discussed by these authors, such
solutions are double-covering, returning to their starting
configuration after 4π rather than 2π rotation. Switching
the labelling of the three orthonormal unit vector indices
1, 2, 3 from the Cartesian x, y, z to the toroidal ρ, ζ, φ
respectively, one could propose a partial (outer) solution
(following Bateman) in terms of half-integral Legendre
polynomials of the first kind as:
Ψe = H0 (cosh(ρα1 ) − cos(ζα2 ))Pnm (coshρα1 )
Pnk (cosζα2 )k(α10

+ α31 )e

(20)

k(α3 φ−α0 ct)α012

With n = 21 and m, k = ± 12 , and with an (inner) solution replacing this Pni with the corresponding half-integer
Legendre polynomials of the second kind Qin . This is not
entirely
satisfactory, however, as the polynomials contain
√
a sin factor which must be dealt with. This will introduce a factor squaring to negative unity into the second
of the double-covering turns. One therefore needs either
to choose such an element, of which there are here ten, or
introduce the unit imaginary which extends the algebra.
Such solutions anyway visualise the form appearing as a
donut in a simple 3-dimensional space. This is not only
not fully adequate to the task in hand, but is also contradicted by experiment in that the spatial distribution of
the free electron must be spherical.2 As noted above, even
the photon solution is, properly, in far more dimensions
than three. There has anyway been some quite extensive
controversy about the representation of Fermions in the
literature as discussed by Hunter and Emami-Razavi11
and the author is not sufficiently competent in this area
to add anything useful to this discussion.
Luckily, the kind of toroidal configuration required
may readily be modelled in the space of phase and momentum such as that presented in Fig. 1 and equation
(18). It is then, manifestly, a solution of the new equation
(19). Modelling the twist as a torsioned strip and turning
a single full twist to meet itself after a single wavelength
results in the model presented in earlier work4 and illustrated in Fig. 2. The fields still, as in the photon solution
of twist locally about the propagation direction, but the
turn modifies the field direction such that the electric
field direction is everywhere smooth, symettric and radial. Manifestly, adding a simple, static pivot field P αP
of sufficient strength satisfies equation (19) in such a
way that the overall flow of momentum is simply round
and round in circles. Note that it is the electric field
that must be radial, as the new term does not act on the
magnetic field. Because, to an outside observer, the electric field is everywhere radial, the new object is evidently
charged. Also, a radial electric field is the lowest-energy
solution, as discussed in the earlier paper.4
In classical physics the forces manifest through the
interaction of fields. In quantum electrodynamics they
manifest through the exchange of mass-energy through
photons. Though the pictures seem different, the underlying physics is, of course, the same. From equation

FIG. 2: Field and momentum snapshot for the positron. The
electric field vector direction is represented using green, the
magnetic field direction using blue and the momentum density
red arrows. A full mode structure will fill space with tumbling
toroidal shells and be spherically symmetric.

(8), if mass-energy (pivot) is exchanged the electric field
~ ·E
~ = −∂0 P . The prodivergence is no longer zero but ∇
cess of charge interaction involves a transfer of rest mass
energy (that is pivot) from one body (usually hotter)
to another (predominantly cooler). The emitting particle expands slightly, the absorbing one contracts. This
transfer is effected by the creation and annihilation of a
pure-field photon, removing mass-energy from one particle and placing it on another. This is just the normal
process of photon exchange between charged particles in
electrodynamics. In the present context this is just an
exchange of pivot. The absorber gains more pivot, the
loop gets tighter, the particle shrinks and gains restmassenergy. If we can find a mechanism for the creation of
charge of the correct magnitude then we will have a basis for the development of a quantum electrodynamics
similar to the standard theory, but with the exception
that a length scale will be introduced into the elementary
charges responsible for photon emission and absorption.
This may help to remove some of the infinities present
in QED as it stands, but such a discussion is beyond the
scope of this paper.
It is easy to estimate the charge of the solution from the
fields, as has been done in earlier work. For the simplest
model, where both loops lie on top of each other at the
characteristic object size of r = λc /4π, corresponding to
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a minor axis√for the torus of zero radius, this is found to
1
be q = ± 2π
3ε0 ~c ≈ 0.91e.4 The apparent charge of the
solution increases as the minor axis radius is increased
from zero, but remains of the order of the electron charge.
The charge is independent of the object size and depends
only on the new field topology and the relative scale of
the major and minor axes. The electron can increase or
decrease in size as it gains mass-energy (by absorbing or
emitting a photon, for example) but the charge remains
the same. It is this behaviour, that the electron can scale
to any size while retaining its inner topological nature,
that is at the root of an understanding of how elementary
particles can change so dramatically in size in different
contexts.1,2
Note again that the vortices illustrated are not in ordinary space, but in momentum and phase space. The form
in this compound space appears toroidal. The proper
path length around the loop is lightspeed and should contract to zero. The projection onto ordinary space must,
of course, be spherical, as the free electron has nothing
to rotate about but itself. As is well known, even the far
more complex Hydrogen atom is spherically symmetric
in the solutions of the (far simpler) Schroedinger equation. Again, one may wish to have a simple three dimensional representation of the electron wave-function, but
reality is just not that simple. Experimentally, as is well
known and has been verified in many experiments, the
electron appears spherical down to length scales much
λc
smaller than the characteristic radius of the figure of 4π
.
This length scale will not be expressed for a free electron, but may be achievable if constrained, for example,
by a very strong magnetic field. Experimentation along
these lines may be fruitful. It is worth noting that both
torii and spheres are a projections of four-dimensional
spheres onto 3-space, though again, the situation here is
more complicated than that.
On a patch on the surface of Fig. 2 the local development of the fields is similar to that for the photon
consisting of a helical motion about the momentum direction (a twist) as before but now combined with a rota~ term
tion of the momentum vector introduced by the P E
(a turn). For these two oscillations to be everywhere in
harmony, the twist frequency (ωc ) is necessarily half the
turn frequency (2ωc ). For harmony here, the frequencies
are an octave apart. There are two rotations in space
(turns) for each full rotation of the phase (the twist).
In this case, the streamlines of momentum flow (in momentum space) are over a family of nested torii.4 The
vortex with P negative, corresponding to the positron,
is shown since outward-directed electric fields are easier
to draw. Just as for the solutions of the Dirac equation, there are four and only four distinct configurations.
Two have outward-directed and two have inward-directed
electric field. These correspond to the positron and the
electron respectively. For each pair, the sense of the rotation about the propagation may be leftwards about the
internal propagation or rightwards. These correspond to
spin “up” and spin “down”.

As is clear from the figure, after 2π the double-covering
is achieved in that the fields are on the inner side of the
torus rather than the outer side after a single complete
rotation, even though the electric component is in the
same (outward directed) radial direction. The fields return to their starting position only after a double, 4π rotation. This is an essentially fermionic behaviour. Given
the momentum p of the constituent photon, it is straightforwards to calculate the spin of the double looped object r × p and it is found to be half-integral.4 By the
spin-statistics theorem, therefore, the proposed object is
a fermion. Further, as has been argued elsewhere,16 a
consideration of the overlap of the internal fields leads to
an excess energy of the order of the particle mass in the
spin parallel case, and a smaller or zero increase in energy for the spin antiparallel case. This gives a possible
physical origin for the exclusion principle itself. That the
exclusion principle corresponds to an energy of this order
has been clear experimentally for some time.17 That the
new term leads to a description of self-confined purely
electromagnetic particles with charge and half-integral
spin is the main result of this paper.
The major axis of the torus is (inversely) related to
the strength of the scalar pivot term. This means that,
though the element αP is a point as opposed to a line
or a plane, through its interaction with the internal photon momentum it has a length scale associated with it
related to the Compton wavelength. The position is implicit in the fields only as a quotient. It is removed in
their product to form the momentum. One may wish
to have a description in terms of the precise spatial and
temporal development, as was always the case from classical equations of motion, but that information is neither
implicit in the energy and momentum of the fields as described by the equations nor required. This is similar,
though more complicated than, the situation in ordinary
quantum mechanics, where quantities such as position
and momentum or energy and time are related by an uncertainty relation. This comes about here because the
objects described are not simple scalar functions in fourdimensional space time but are dynamical (multi-) vector
solutions including differentials of space-time.
In the usual place of the charge density , one has here
a dynamical term representing a time rate of change of
pivot ∂0 P . In the first equation the pivot density would
appear to increase without limit, a clearly unphysical
process. This ignores, however, a key aspect of what
charge is: an interaction. Charges in the same locality
are in a continual state of exchange with one another. For
the typical electron, embedded in a charge-neutral Hydrogen atom, the exchange is primarily with its opposite
charge partner, the proton. The exchange rate is large,
being of the order of the fine structure constant times the
Compton frequency. The sign of the pivot is opposite for
an opposite charge: exchange, therefore, minimises this
element of the mass for both, producing an attraction for
opposite charges and a repulsion for equal charges. This
is certainly one of the features required for charge. In

9
a steady-state process of continual photon exchange between charges, the mass-flow term outwards is balanced
by a mass flow term inwards due to interactions. The
rate increases slightly for “hotter”, smaller, more massive
electrons, leading to a flow of mass-energy from hotter to
cooler, as is observed. Interactions with a cooler local environment ensures that, in thermodynamic equilibrium,
all have the same energy, the same size and the same
mass. It must be emphasised that pivot is not alone responsible for charge. This is not only because only field
and pivot has been introduced to illustrate where a confinement mechanism might arise and the other factors in
the full set of eight equations must also play a role in reality. Here, it is the new topology forced by the rotation
that re-configures the internal electromagnetic wave to
exhibit an external charge. As discussed above, charge
has (at least) two aspects: on the one hand it is involved
in interaction and photon exchange, on the other it manifests as a radial electric field (as well as a magnetic field
on moving). The nature of charge is intimately related
both to the six terms of the electromagnetic field as well
as to the pivot, and it is not simply a static thing (though
it remains constant) but is involved in the rapid, continuous dynamical process of photon exchange. Charge is
not just an amount of charge-stuff. It cannot be isolated apart from the charged particles themselves. It
is the non-trivial topological configuration that leads to
charge, not the moving electromagnetic fluid. All contributing elements cannot be considered apart but must
be investigated as a single object since they are in a continuous state of transformation one into the other within
the framework of the equations above. It is the whole
dynamical system of continuously interacting light and
matter that must be considered as a whole.
It now proves possible to explain some aspects of the
remarkable scaling of elementary particle size observed
in nature. In the hydrogen atom, for example, pivot is
exchanged between electron (pivot positive) and proton
(pivot negative). This reduces the absolute level of pivot
for both, replacing it with a resonant exchange of electromagnetic energy. Provided this process conserves the
essential inner topology for electron and proton, both will
therefore expand, as the pivot, and hence the curvature
for both is reduced. If the resultant interaction is primarily amongst each other rather than with the rest of the
universe (as seems reasonable for an overall uncharged
object such as the hydrogen atom), this expansion could
be quite dramatic, as is observed.
To understand how the electron can appear far smaller
in high energy physics interactions than is allowed physically, note that in an exchange process between two objects with the field structure illustrated in figure 2 the
fields will scale in the same way as those of an exchange
photon. As the object moves faster it gains energy and
appears to shrink. The length scale of the electron object therefore remains smaller than the wavelength of the
maximum momentum transfer exchange photon, even to
arbitrarily large energies. This scaling behaviour is not

a point but a point-like behaviour. This point was discussed more extensively in earlier work.4,16 The ability
of “elementary” particles to scale to both the very large
and very small is the third result of this paper.
The figure is toroidal in momentum space and the object is spherical in space. A slice through either space
(perpendicular to the local momentum direction) yields
a circular section with orthogonal electric and magnetic
fields. In normal space, the distribution simply rotates
about the centre of momentum. The electric field, if it
could be observed, would appear to rotate on a path similar the seam of a (vanishingly) small tennis-ball. An interpretation of the internal structure as a simple torus
in space (as opposed to momentum and phase space), is
certainly a model of the electron, but since there is no
simple point centre of mass about which such a system
would rotate, not quite just the same one as is envisioned
here. Note that the present model implies that the centre of spin and the centre of charge should differ, as has
recently been observed in experiment.18,19

III.

CONCLUSIONS

This paper has proposed a new development in the
field of classical electromagnetism. A new set of coupled, linear differential equations, encompassing the homogenous Maxwell equations, has been proposed. A new
axiom, that space and time should appear only with
their proper relative form, has led to solutions of the
Maxwell equation that are necessarily angular momentum quantised and spatially limited. The introduction
of a new scalar term into electromagnetism corresponding to a square-root mass density, proves to lead to the
possibility that pure field may condense into topologically non-trivial electromagnetic vortices in momentum
space. Such configurations are necessarily charged and
have half-integral spin. They are identified with the electron and positron. The continuous process of the creation
or annihilation of fermions to bosons or vice-versa may
be described within the same framework. A consideration of the local distribution of pivot allows insight into of
the remarkable scaling behaviour of elementary particles
observed in nature.
Though the results of this simple extension of the
Maxwell equation have some interesting features, it is the
view of the author that this is not the whole story. In particular, it is likely that the quadrivector Qα0123 should
also play a role. Further, the extended set of equations
should equally constrain the physics, with the trivector
potential a prime candidate for the detailed description
of internal angular momentum and quantum spin. There
remains much work to be done.
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